In this paper, we study a new distribution called the exponentiated transmuted Lindley distribution. The proposed distribution has three special cases namely Lindley, exponentiated Lindley and transmuted Lindley distributions. Along with the basic properties of the distribution, the maximum likelihood technique of estimating the parameters of the distribution are discussed. Two applications of the distribution are also part of this article.
Introduction
P robability distributions are of paramount importance in many practical applications of statistics. In deed, several statistical methods are applicable when the data under consideration follow certain distributions. In a study, one may find a particular probability distribution useful in modelling a data set while in another study a different distribution may be required. The Lindley distribution is among the widely used distributions. It is mainly used to model lifetime data. Ghitany et al. [1] demonstrated the superiority of the Lindley distribution over the exponential distribution in modelling waiting time data of 100 customers in a bank. Another important application of the this distribution is the analysis of time series data. Popović et al. [2] introduced and showed the application of the autoregressive process of order one with Lindley marginal distribution.
Generalizations of several distributions are available in the statistical science literature. According to Fatima et al. [3] , distributions are generalized so as to provide better fits to data and obtain more flexible models. Two common methods of generalizing distributions are the exponentiation method and quadratic rank transmutation map method. The generalized Lindley distribution introduced by Nadarajah et al. [4] , was fitted to relief times of twenty patients and compared to Weibull, gamma, and lognormal distribution. The authors concluded that the generalized distribution provided better fits than the other three distributions. Merovci [5] introduced and determined properties of the transmuted Lindley distribution. His data analysis based on this distribution and remission times of 128 cancer patients showcased the superiority of the distribution over the exponential and Lindley distributions, which were all fitted to the data. Other Lindley-type distributions that have been fitted to the data include a new generalization of the transmuted Lindley distribution of Mansour et al. [6] and transmuted two-parameter Lindley distribution of Kemaloglu et al. [7] . According to Kemaloglu et al., the latter provided better fits to the data than any of Lindley and transmuted power Lindley distributions. Granzotto et al. [8] developed the transmuted power lindley distribution and showed that it can provide better fits to monthly rainfall data than the Lindley, power Lindley, weighted Lindley and transmuted Lindley distributions. In some situations, an exponentiated transmuted distribution, which is a generalization of a baseline distribution using both exponentiation and transmutation techniques outperforms its special cases [9] [10] [11] . On this note, we propose and study the properties of the exponentiated transmuted Lindley distribution (ETLD). Suppose there are α transmuted Lindley variables representing failure times of a component of a system, assumed to be independent. Another motivation for
Using (3), the pdf of X is found to be
The ETLD is actually a generalization of each of the Lindley, transmuted Lindley and exponentiated (generalized) Lindley distributions. When λ = 0 and α = 1, the proposed distribution is basically a Lindley distribution. If α = 1, the distribution is the same as the transmuted Lindley distribution. The exponentiated Lindley distribution is a special of the ETL distribution for which λ = 0. Figures 1 and 2 show that the pdf and cdf of an exponentiated transmuted Lindley distributed variable may have various shapes, depending on the values of θ, λ and α.
Quantile function
The quantile function x q satisfies the equation
From (5), we have Applying the Lambert W function and the method of Kemalogu et al. [7] , we have the expression for x q as
In (7), W −1 stands for the negative branch of the Lambert W function.
Moments and moment generating function
Given that X is an ETL random variable with parameters α, λ and θ, then
To evaluate the raw moment , we may need the series representations
Thus,
Using the results obtained above, the moment becomes
The moment generating function of the ETL variable is
With the formula for finding E(X r ), the mean and variance of the ETL distribution can be determined. The classical coefficients of skewness and kurtosis obtained using the rth raw moment formula have some weaknesses and are now replaced by the Bowley skewness (S) [12] and Moors kurtosis (K) [13] respectively. Consequently,
where Q(.) represents the quantile function.
In Table 1 , the mean, median, variance, Bowley skewness and Moors kurtosis are presented for various parameter values of the ETLD . We have computed these summary measures in order to examine the relationships between them and the parameters of the ETLD.
In addition to the numerical results in Table 1, Table 1 indicates that all of the mean, median and variance increase as λ and θ jointly increase. Also, the variance increases provided each of the three parameters increases. Graphs of S and K against two parameters are displayed in Figures 9 to 14.
Though the results in Table 1 are primarily obtained to investigate some relationships, there also useful in examining whether the distribution is negatively skewed, symmetric or positively skewed. With the results, we can also determine if the distribution is platykurtic, mesokurtic or leptokurtic. With regard to the results, distribution is positively skewed and it can be platykurtic or leptokurtic, depending on the values of the parameters.
Reliability analysis
The reliability function refers to the probability that an item will not fail before a given time t. In terms of the exponentiated transmuted Lindley distribution with cdf F(x), this function may be expressed as
Different shapes of the reliability function are graphically shown in Figure 3 . In addition to the reliability function, one's desire may be to examine the hazard rate function defined by 
where f (x) and R(x) are defined in (4) and (9) respectively. Figure 4 is indicative of the effect of parameter value combinations on the shape of the hazard rate function of the ETLD. 
Rényi entropy
The concept of entropy is being used to describe the amount of uncertainty in a random variable. A popular measure of entropy is the Rényi entropy, which, for an ETL variable, is defined as After substituting into (11) the expression for f (x) as stated in (4), the following result is obtained: To evaluate (12), we use the series representations: As a consequence, we obtain (13) can be written as
where
Estimation
The likelihood function of a random sample from the ETLD with parameters θ, λ and α is The log-likelihood function can be written as
Maximum likelihood estimates (MLEs) of the three parameters θ, λ and α are determined by solving simultaneously the equations ∂lnL ∂α = 0, ∂lnL ∂λ = 0 and ∂lnL ∂θ = 0. Consequently, the equations ∂lnL ∂α = 0, ∂lnL ∂λ = 0 and ∂lnL ∂θ = 0, are respectively given as
2n
Closed form solution of (15), (16) and (17) cannot be obtained. A numerical approach based on quasi-Newton algorithm may then be used to solve these equations. Interval estimation of any of the parameters of the ETL distribution is possible when the necessary standard error estimate is known. As n → ∞, the MLEγ = (α,λ,θ) of γ = (α, λ, θ) is asymptotically normally distributed with mean γ and variance-covariance matrix
Hence, approximate 100(1 − η)% confidence intervals for α, λ and θ areα ± 
Order statistics
Consider a random sample X 1 , X 2 , · · · , X n from the ETL distribution with pdf f (x) and cdf F(x). Let X (1) , X (2) , · · · , X (n) be the corresponding order statistics. The pdf of the kth order statistic X (k) can be written as
. Thus,
If k = 1, we have the pdf of the first order statistic (X (1) ) defined by
Similarly, the pdf of the nth order statistic (X (n) ) is
Application of the ETLD
In this section, the usefulness of the ETLD is illustrated using two real data sets . The first data, originally presented by Smithson et al. [14] , pertain to a study on anxiety performed in a group of 166 "normal "women outside of a pathological clinical picture (Townsville, Queensland, Australia). The data have been used for a numerical illustration by Bourguignon et al. [15] . On the basis of the two data sets, we compare fits from the ETLD with those of its sub-models, namely, exponentiated (generalized)Lindley distribution (ELD), transmuted Lindley distribution (TLD) and Lindley distribution (LD). Estimates of all the model parameters are found through the maximum likelihood procedure. The criteria used for this comparison are the AIC and BIC. Given the sample size n, number of parameters contained in a model k and estimate of the log-likelihood function (LL) which corresponds to the maximum likelihood estimates, these criteria are defined as follows:
A distribution is said to provide the best fit to the data if among all the distributions under consideration, it corresponds to minimum values of AIC and BIC. Maximum likelihood estimates, standard error estimates and values of the criteria are given in Table 2 for the selected distributions and first data.
Results in Table 2 indicate that ETLD corresponds to the smallest AIC and BIC values, making it the best among all the distributions which have been fitted to the data.
For the second data, the maximum likelihood estimates of the model parameters, their respective standard errors and AIC and BIC values are reported in Table 3 . Table 3 clearly shows that the ETLD has the minimum values of AIC and BIC among the fitted distributions. Thus, the ETL distribution is the best model for modelling the data among the distributions considered in Table 3 . 
Conclusion
In as much as the quality of the empirical results obtained by applying many parametric methods of analysis greatly depends on how well the chosen distribution fits the data under consideration, efforts will always be made to generalize distributions. We have introduced and studied the properties of a new distribution called the exponentiated transmuted Lindley distribution. Specifically, we have derived the quantile function, the expression for the raw moments, moment generating function and the pdf of the kth order statistic based on the distribution. Through a numerical illustration, the distribution is found to be capable of being positively skewed and platykurtic or positively skewed and leptokurtic. Under several conditions, the relationships between each of the mean, median, variance, skewness and kurtosis of the distribution and the parameters are studied. In particular, when only two parameters are constant, it is interesting to know that none of skewness and kurtosis is a linear function of the other parameter. With Figure 18 . Graphs of the estimated pdfs and cdfs based on the second data two data sets, the applicability as well as the ability of this distribution to outperform its sub-models in many data analysis situations is illustrated . Therefore, the model is recommended for modelling right-skewed data.
Conflicts of Interest: "
The author declare no conflict of interest."
